Abstract. Let proved that B n (f; ) B n+1 (f; ); n 2 N; for any convex function f on , and it is clear that a necessary and su cient condition for the inequality to become an identity for all n 2 N is that f is an a ne polynomial. Let m be the m th simplicial subdivision of (which will be de ned precisely later). By using a degree-raising formula, the result of Dahmen and Micchelli can be extended to B mn (f; ) B mn+1 (f; ); n 2 N; for any f which is convex on every cell of m . The objective of this paper is to derive conditions under which this inequality becomes an identity.
Introduction
As usual, let R denote the set of real numbers, Z + the set of all nonnegative integers and N = Z + nf0g. Thus The Bernstein polynomial basis of degree n is given by B ;n (x) = n ; x 2 ; j j = n; In order to extend this study to piecewise polynomials, we consider an m th simplicial subdivision m of (which will be de ned precisely in Section 2). Using a degree-raising m , where S k ( m ) denotes the space of continuous piecewise polynomials with total degree at most k on m . The objective of this paper is to prove that indeed this statement holds. For the one-variable setting, this problem was already considered by Passow (see 7] ). Our paper is organized as follows. In Section 2, we introduce a simplicial subdivision m of the d-dimensional simplex and apply the degreeraising formula of Bernstein polynomials to derive a relation governing the coe cients for the identity B nm (f; ) = B nm+1 (f; ). The main results will be established in Section 3. We end this paper by proposing a conjecture for spline functions with total degree k > 1.
Preliminaries
We begin by recalling some notations and terminologies. Observe that for d = 2, if the B-net points fx ;n g j j=n on are considered as the vertices of the subtriangles, then they form an n th triangulation n of (see Fig. 1 ). The elements of n have the same 
; e (1) + e (2) ; ; e (1) + + e . We call the subsimplex^ k n a cell of A;n . Since di erent choices of A only result in a permutation of the coordinates in , we will choose the same a ne map A to form subdivisions of in the following discussion. For instance, we may restrict our consideration to the special Remarks.
1. Here, we point out that even though f(x ?e i ;nm ) may not be de ned for i = 0 in (1), the corresponding coe cient i nm+1 is zero anyway. In this paper, we always assume that x ?e i ;n makes sense; in other words, in case i = 0, we automatically delete the corresponding B-net point x ?e i ;n . 
We note that, for any B-net point x ;nm+1 , there are cells Hence, by applying (5), the conclusion follows.
Next we consider a partial converse of Theorem 2 in the case m > 1. The full converse of Theorem 2 is still open even in the one-dimensional setting. We say that a function f is axially convex if it is convex in any direction parallel to the edges of the simplex (see 5] and the references therein), i.e. f(tx We are now in a position to prove the following. It is natural to ask the possibility of extending our results to S k ( m ); k > 1. In this regard, we believe that Theorems 3 holds mainly because of the a ne polynomial reproduction property of the Bernstein operator B n (f; ): Let us consider certain linear combinations of Bernstein polynomials introduced rst by Butzer 1] in the univariate case and by Wu 8] L n = L n+1 ? L n ;
and k+1 = k .
